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Abstract
This article is a theoretical and empirical study of how critical mathematical literacy (CML) operates as a critical mathematical discourse (CMD) in socio-political discussions informed by mathematics. An analytical framework is developed based on a critical discursive reading of Eric Gutstein’s framework for CML-development. The developed framework describes peoples’ CMD in discussions as unfolding through personal and social dialectical relationships between personal-, mathematics textual- and conversational discourses. The framework is used to study a student group’s discussion of temperature prognosis and climate change. The students make prognosis-based readings of climate change issues but also express a disempowerment commonly found in public climate change discourses. The analysis identifies links between such a disempowerment and aspects of mathematics textual- and personal discourses.
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Background
Numeracy and mathematical literacy are two notions used somewhat synonymously in mathematics educational research (Niss & Jablonka, 2014). OECD (2017, p. 67) describes mathematical literacy as an individual’s capacity to apply their mathematical skills and knowledge in a variety of contexts throughout their lives. Within critical traditions of mathematics educational research[footnoteRef:2], notions such as mathemacy (Skovsmose, (1992), 1994), matheracy (D’Ambrosio, 2003), and critical mathematical literacy (Frankenstein, 2010) have been used to foreground the ‘critical’ (i.e., the socio-political) uses and contexts of citizens mathematics use. That is, they have foregrounded people’s capacity to use mathematics as a means to “explore, grasp, draw attention to, and react to socio-political issues” (Skovsmose, 1994, p. 16). As Skovsmose’s quote frames it, critical mathematical literacy is central to socio-political discussions of urgent issues like migration, racism, warfare, and climate change, whose debates are often informed by mathematics in central ways. Taking climate change as an example, mathematics is central to the description, prediction, and communication of climate change issues and the justification of climate politics (Barwell, 2018).  [2:  Critical mathematics education, Ethnomathematics and Mathematics for social justice.] 

According to Skovsmose (2013, 2015), applications of mathematics can in part be understood as a form of discourse that plays several roles in shaping people’s understanding and actions on socio-political issues. These include: that mathematical models are enabling for people’s hypothetical reasoning about the future (2012); that applications of mathematics are used politically to legitimize and justify actions (2012); and that mathematical discourse represents a form of symbolic power that formats authority (2015) by respectively granting and denying people of authority in the discussion and decision-making related to an issue. The centrality of mathematical discourse in informing (Barwell, 2018), structuring (Jablonka, Gellert, & Keitel, 2001), but also in misrepresenting socio-political issues (Greer, 2008) are some of the key reasons that critical mathematics researchers have advocated the need for mathematics education to support students in their development of critical mathematical literacy. To support such a development, mathematics educational activities need to provide an integrated focus both to applications of mathematics and the socio-political phenomena they relate to (Gutstein, 2006). Without a mathematics educational focus on the socio-political dimensions of issues, mathematics students are left with abstract- and or technical mathematical problems devoid of critical context. Such problems do not provide students with experience and training in using mathematics critically (Gutstein, 2006) and are fundamentally insufficient in supporting students’ formation of critical mathematical literacy. Put differently, the mathematical competence arising from peoples’ experiences of applying mathematics in non-critical ways does not amount to competence in using mathematics critically (Skovsmose, 1992).
When citizens in a democracy cannot participate in the discussion of socio-political issues because they are informed by advanced mathematics, this is a democratic challenge to democratic values[footnoteRef:3] (Skovsmose, 1992). This challenge can materialize in the discussions of many urgent issues, including the issues mentioned above, when advanced mathematics and statistics become part of the discussion. From a critical mathematics educational perspective, the democratic challenge relates to a pedagogical challenge of ‘whether’ or ‘how’ mathematics education might prepare student citizens to participate in deliberations of socio-political issues, including those informed by advanced mathematics. Somewhat surprisingly, these democratic and pedagogical challenges have not been systematically explored by mathematics educational research. Even practice studies of how students and citizens use mathematics critically in their discussion of socio-political issues informed by (advanced) mathematics are scarce.  [3:  I.e., ideals of participatory- or direct democracy.] 

The present article concerns the analytical framing and empirical study of how people apply mathematics argumentatively as part of their mathematically informed discussions of socio-political issues. It is informed by a small group of interconnected practice-centered studies within teacher education (Barbosa, 2006; Hauge et al., 2015; Kacerja, Rangnes, Herheim, Pohl, & Lilland, 2017). These studies have all foregrounded students’ conversational uses of mathematics during their collective critical discussions of mathematical models. From a methodological perspective, these studies can all be said to have explored how students’ talk can be labeled and categorized according to critical and non-critical foci to mathematics. 
Barbosa (2006) was first among the studies to call for critical mathematical literacy research to focus on students’ mathematical discourse during students’ discussions of models. Based on examples from his teaching practice, Barbosa (2006) suggested that one way to motivate students to use mathematics critically in mathematics education is to invite them to produce and discuss models related to social phenomena. Informed by his own students’ practice and Skovsmose’s (1992) conception of critical mathematical literacy as consisting of three knowledge-bases, Barbosa (2006) furthermore suggested that students’ discussions of models move between three different focuses on mathematics; Between a focus on pure mathematics, applied mathematics and a critical focus on mathematical applications. 
Similar to Barbosa’s approach, the studies by Hauge et al. (2015) and Kacerja et al. (2017) also used variants of a ‘three-focus characterization’ to label and distinguish between critical and non-critical (i.e., ‘pure’ and ‘applied’) conversational expressions of mathematics use. These three studies showcase that under the right educational circumstances[footnoteRef:4], even simple invitations to discuss particular models’ social significance can motivate students to use mathematics critically in conversation. The study by Kacerja et al. (2017) specifically showed that even simple applications of mathematics like the BMI-index could be a motivation for critical discussions. The study also showed that discussions of models like the BMI-index could be educational entry points for students’ broader reflections about how mathematics shapes the public understanding of phenomena like obesity. [4:  The three studies relate to a critical tradition of research that has proposed authentic, dialogic and student-centered learning as vehicles for students’ critical mathematics use. ] 

The study by Hauge et al. (2015) reported on a discussion activity in a master’s seminar in teacher training. In this activity, student teachers discussed a series of IPCC’s temperature prognoses and their social significance connected to climate change. Related to the democratic and pedagogical challenges posed by social applications of advanced mathematics, this study shows that it is possible for students and citizens to critically discuss advanced mathematics in relation to socio-political issues. Hauge, who was the creator and facilitator of the activity, made the students’ discussion of the advanced mathematics possible, in part, by using the plot of the model predictions rather than the models’ equations as an entry point for conversation.
The present study seeks to enable more in-depth explorations of ‘how,’ ‘why,’ or ‘why not’ students and citizens use mathematics critically in their discussion of socio-political issues. It does this by studying critical mathematical literacy from a social practice perspective (Yasukawa, Rogers, Jackson & Street, 2018). That is, from a research perspective that recognizes that peoples’ critical uses of mathematics are contingent on their social interaction and context— their social practice. Informed by this perspective, the study makes a case for critical mathematical literacy-research to focus on students and citizens’ critical mathematical discourse— how students and citizens use mathematics critically at the level of speech to ‘explore,’ ‘grasp,’ ‘draw attention to’ or ‘respond’ to socio-political issues as part of their critical deliberations[footnoteRef:5] with others.  [5:  ‘critical discussions’ and ’critical deliberations’ are used in a somewhat overlapping sense in this article. Critical deliberations in a formal sense refer to socio-political discussions that involve negotiations about what needs to be done about an issue. ’Critical discussions’ are used more loosely to describe conversations that in some way involve argumentation about socio-political issues, possibly without tending to their ‘solution’.] 

The traditional mathematical literacy research emphasis on concepts such as ‘skill,’ ‘capacity,’ and ‘competence’ has historically meant that ‘the individual’ and their cognitive capacities were foregrounded in mathematical literacy research (Yasukawa, Jackson, Kane, & Coben, 2018). These concepts can, however, only be studied indirectly at the conversational level. To interpret these terms empirically, an analyst has to speculate about how or whether an individual’s expressions of mathematical discourse (or a lack thereof) might be an expression of their (cognitive) capacity in applying mathematics. In contrast, concepts such as ‘critical mathematical discourse’ and ‘social practice’ actively foreground the social-interaction and context of mathematics use at the level of conversation. When properly grounded, these concepts are more directly researchable in relation to peoples’ practices of conversation. The foregrounding of critical mathematical discourse and critical discursive practices as an integrated research focus is therefore of significant conceptual and analytically value both to theory and practice studies of critical mathematical literacy in discussions.  
The relationship between critical mathematical discourse and critical discursive practice has, to my knowledge, not been theoretically elaborated. Addressing this important theoretical gap and enabling empirical research of critical mathematical discourse and practice related to urgent socio-political issues is the present study's aim. The study, therefore, proposes an analytical framing of critical mathematical discourse in critical discursive practices. This framing elaborates how people use critical mathematical discourse as part of and in relation to their critical mathematical deliberation with others (a critical discursive practice).
The framing thereby refocuses the traditional individual-centered conception of critical mathematical literacy to a socially grounded description. In the new description, people’s conversational mathematics uses are seen as being informed by and informing to the critical discursive practices they share with others and to a collective meaning-making of mathematics and issues. The suggested framing is based on a synthesis of Eric Gutstein’s theory related to student’s critical mathematical literacy use and formation, »Reading and writing the world with mathematics« (Gutstein, 2006), and a critical discursive interpretation of mathematical discourse and discussions. In the following sections, these theories are outlined and then synthesized into an analytical framing of critical mathematical discourse in critical discursive practices informed by mathematics. Next follows the methodology section, which describes how the analytical framework was operationalized in the analysis of a student-teacher group’s discussion of climate change and temperature prognoses. Then follows the analysis and a discussion of the student teachers’ critical discursive practice and the analytical frameworks’ generality. The article concludes with recommendations for further research on students’ and citizens’ critical mathematical discourse in critical discursive practices.
Theory
With his pedagogical framework of »Reading and writing the world with mathematics« (RWWM), Eric Gutstein (e.g., 2003, 2006, 2016) provides a conceptual and empirical description of how students use and co-develop mathematical literacy and sociopolitical consciousness—their critical mathematical literacy. Gutstein’s framework is a direct extension of Paulo Freire’s pedagogy and metaphors related to adults’ critical and textual literacy development.[footnoteRef:6] Using the metaphor of reading the world, Freire (Freire & Macedo, 2005) characterized how people make sense of the socio-political and cultural-historical conditions of their lives, their community, society, and world. Freire suggested that a central way for people to read their world is by reading the word, a metaphor that he used to describe peoples’ basic ability to read and centrally their critical ability to interpret a texts’ socio-political meanings (Freire & Macedo, 2005, p. 20). Like Freire’s description of learners reading the word’, Gutstein (2003, 2006, 2016) describes students’ process of using, interpreting, and learning mathematics as reading the mathematical word. Supplementing and extending Freire’s idea that people can read the world through readings of the word, Gutstein’s pedagogical framework suggests that students can read the world by reading the mathematical word. Gutstein refers to this as reading the world with mathematics, which specifically means:  [6:  The idea of adapting Freire’s theory and terminology to mathematics education were first suggested and implemented by Marilyn Frankenstein (e.g. Frankenstein, 2010). Her important contributions are not discussed in the current presentation.] 

(…) to use mathematics to understand relations of power, resource inequities, and disparate opportunities between different social groups and to understand explicit discrimination based on race, class, gender, language, and other differences. Further, it means to dissect and deconstruct media and other forms of representation and to use mathematics to examine these various phenomena both in one’s immediate life and in the broader social world and to identify relationships and make connections between them. (Gutstein, 2003, p. 45)
Gutstein (2006) provides rich accounts of his practice of teaching students to read the world with mathematics. One such example is his account of how his students had to make sense of racially disaggregated data on police traffic visitations to form their own opinions about when and whether such visitations might be considered racial profiling (Gutstein, 2006, pp. 53-57). Gutstein notes that when people read the world with mathematics, their mathematical sense-making occurs in tandem with other forms of sense-making. When people read the world with mathematics, they, therefore, rely not only on their critical mathematical literacy but also on other literacies like media-, textual-, or visual literacies. (Gutstein, 2016, p. 456) 
Like Freire, Gutstein’s aim is for (mathematics) education to empower students to address social injustices in their community and society. Freire describes social-transformations as writings of the world, and Gutstein (2003, 2006, 2016) similarly talks about writings of the world with mathematics— how people empowered by their critical mathematical literacy become enabled to recognize and call out injustices and, in turn, facilitate social change. 
In my later development of an analytical framing, the metaphors of reading and writing the world with mathematics are used to frame people’s critical mathematical discourse and critical discursive practice. In that context, Gutstein’s reading and writing terminology is extended to encompass all socio-political issues and not just social justice issues like the above definition of reading the world with mathematics concerns.

The dialectics of reading and writing
Based on Freire’s accounts of the dialectic relationship between how people read and write their world, Gutstein’s (2016) RWWM-framework similarly describes dialectical relationships between students’ readings and writings of the world with mathematics. His framing explains how the sub-processes of readings and writings of the world with mathematics—readings of the (mathematical) word, readings of the world, and writings of the world with mathematics—are interconnected processes that mutually support each other’s development. Gutstein organizes his description of these dialectics into two sets of dialectical relationships that correspond to the upper and lower halves of Figure 1 below. The dialectic illustrated by Figure 1 is the basis for the later framing of the role and development of critical mathematical discourse in critical discursive practices informed by mathematics. Gutstein (2016) does not define the notion of dialectics nor describe the details of how Figure 1 illustrates the dialectics of reading and writing the world with mathematics. The following outline is, therefore, my interpretation of the figure based on Gutstein’s description of RWWM in the other parts of his study (Gutstein, 2016).
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[bookmark: _Ref60861362]Note. The horizontal curvy arrows of the figure illustrate the two sets’ dialectics. One set relates to relationships between reading the mathematical word and reading the world in general, and the other set to relationships between reading- and writing the world with mathematics. Reprinted from Gutstein, E. (2016). “Our issues, Our People—Math as Our Weapon”: Critical Mathematics in a Chicago Neighborhood High School. Journal for Research in Mathematics Education, 47(5), 454–504.
Set 1: The dialectic between readings of the world (in general) and readings of the mathematical word
The two vertical arrows in Figure 1 suggest that the dialectical relationships of set 1 between readings of the world (in general) and readings of the mathematical word relate specifically to the situation when people are reading the world with mathematics. I interpret set 1’s dialectics as fundamentally relating to how people “﻿through the process [of reading the world with mathematics], deepen their knowledge of both mathematics and their social reality” (2016, p.455). When people read the world with mathematics, this essentially means that they are interpreting a mathematical presentation (the mathematical word) in relation to a part of social reality (the world). Such a mathematical representation could be the simulation of a mathematical model or statistical data (like the aforementioned racially disaggregated data on police traffic visitations, which Gutstein’s students used to study issues of police racism (see p.5)). 
Following the arrow from right to left in the upper part of the illustration, one part of the dialectical relationship between the mathematical word and world relates to how readings of the mathematical word inform readings of the world. Reading the mathematical word means making sense of “﻿what the symbols, relationships, equations, and graphs” of a mathematical representation mean and how these concepts mathematically relate. As part of a reading of the world, ‘reading the mathematical word’ furthermore means making sense of what the mathematical presentation says about the phenomenon. (2016, p.476) Abstracting these aspects of readings of the mathematical word, one part of the dialectics of set 1 can be related to how people’s sense-making and learning about the mathematics used in applications of mathematics (a reading of the mathematical word) can enable the reader to gain new knowledge of a social phenomenon, read the world. Following the arrow from left to right in the upper part of the illustration, the other part of the dialectical relationship can similarly be related to how the sense-making and learning about a phenomenon can enable a deeper sense-making of a specific mathematical presentation (the mathematical word). As Gutstein suggests, such sense-making can also inform the reader’s principal understanding of how the mathematical word can be used to read the world (2016, p.476). Important to the later analytical framing of people’s critical conversational uses of mathematics, the dialectic between people’s reading of the mathematical word and the world describes central mechanisms of how mathematical- and critical-sensemaking can interact in people’s process of making sense of an issue based on a mathematical application.

Set 2: The dialectic between reading the world with mathematics and writing the world with mathematics
Related to the dialectics of the second set illustrated by the lower half of the figure, Gutstein states:
Reading and writing the world are interdependent and do not proceed linearly. They dialectically interweave as people participate in daily life and reflect on their actions (Freire’s praxis). People think about their lives and learn while acting and transforming, and they learn to more deeply read their reality through social practice. One’s reflections lead to learning, which influences action; as one acts, one looks back on experiences and learns. (Gutstein, 2016, p. 456). 

Informed by the quote, going from left to right in the lower half of the illustration, when people learn about mathematics and their society by reading the world with mathematics, their deepened insight enables them to act in new ways with mathematics (write the world with mathematics). Going from right to left, and completing the dialectics between reading and writing, people’s experience and reflections about writing the world with mathematics also provides new insights (learning) that enable new and further readings of the mathematical word and the world. Related to the following section’s development of an analytical framing, the dialectics between readings and writings of the world with mathematics provides important insights into how people’s critical and mathematical sense-making and actions can interrelate. 
Gutstein’s description of the dialectics of reading and writing in the above quote elaborates the dialectics from the perspective of an individual’s reflections, experiences, and actions. The quote also mentions that the individual’s reading and writing processes happen “through social practice.” It thereby suggests that the individual’s processes are somehow tied to their interaction with other practice members. Gutstein (2016) does not elaborate on this point further.[footnoteRef:7] As part of the following section’s introduction of the analytical framing, I present one way of elaborating the ‘social dialectics’ of peoples’ reading and writings with mathematics in social (discursive) practices. [7:  This is likely a result of his presentation foremost being a report on his pedagogical experiences with implementing RWWM in mathematics education.] 


An analytical framing of how people read and write the world with mathematics in critical discursive practices informed by mathematics 
With her concept of commognition, Sfard (2008) suggests that people’s thinking can be understood as an internal variant of public discourse (communication) and that learning can be seen as a change in discourse. In Sfard’s conceptualization, people’s thinking and interpersonal communication can, in other words, be understood as manifestations of the same phenomena. Sfard’s conception of internal and interpersonal discourse as being connected and learning as a change of discourse provide a conceptual bridge between the individual and social processes of reading and writing the world with mathematics in critical discursive practices. Informed by Sfard’s ideas, I suggest that when people read the world with mathematics in critical discursive practices, they do so both at a cognitive and social-discursive level when they discuss ‘mathematical texts’ (media involving mathematics) and socio-political issues. Furthermore, I suggest that what an interlocutor says about a mathematical text (or mathematics in general) in conversations are conversational reading of the mathematical word. Similarly, what an interlocutor says about socio-political reality is a conversational reading of the world. Finally, when interlocutors’ readings of the world are informed by or actively use readings of the mathematical word to talk about a socio-political issue, I suggest these are conversational readings of the world with mathematics. 
In the background section, the notion of critical mathematical discourse was introduced to characterize how students and citizens use mathematics critically at the level of speech to explore, grasp, draw attention to or respond to soc-pol issues. In the present conceptual framing, that notion is operationalized as conversational readings and writings of the world with mathematics. The notion of conversational readings of the world with mathematics thus covers how people conversationally use mathematics to explore and grasp issues. Similarly, the notion of conversational writings of the world with mathematics can be related to how people use mathematics to draw attention to and respond to issues using mathematics.
Jorgensen and Philips (2002) outline tenets of critical discourse theory[footnoteRef:8], which in the following will be used to extend and reframe Gutstein’s pedagogical RWWM-framework into an analytical framing of how people read and write the world with mathematics together with others as part of their shared critical discursive practice. These tenets include:  [8:  Jorgensen and Philips (2002) specifically address Ernesto Laclau and Chantal Mouffe’s development of discourse theory, Discursive psychology, and critical discourse theory (e.g., Norman Fairclough’s work)] 

1. That people’s knowledge, world views, and social interchanges are historically and culturally embedded and contingent (p.5).
2. [bookmark: _Ref59187441]That people’s [critical] discursive practices are concurrently a part of the establishment and maintenance of discourses (p.61)—characteristic ways of understanding and reason about the social world, social identities, and social relations (p.1)
3. That discourses understood as worldviews are organizing to social reality: to how or whether people find actions towards issues to be meaningful; and to whom they consider being responsible and capable of acting on issues. (pp. 5-6)
4. That people’s critical discourse is understood as a form of social and discursive action, ‘speech acts,’ that influence others’ views and actions and contribute to the establishment of socially organizing discourses (p.11)
Informed by these tenets and Gutstein and Freire’s descriptions of reading and writing, I suggest that a group of interlocutors’ critical mathematical deliberations can be explained as a critical discursive practice where interlocutors’ readings and writings develop as a dialectic between three discourses. Building on Gutstein and Freire’s conceptions, I suggest that interlocutors’ conversational and cognitive readings of the mathematical word and of the world build on the interlocutors’ understandings of mathematics and socio-political issues—their personal discourse—and on the social and mathematical meanings of the text(s) they are discussing—the textual discourse. Informed by the second tenet and extending Gutstein and Freire’s conceptualizations to a critical discursive practice of deliberation, I furthermore suggest that an interlocutor’s cognitive and conversational readings also build on other interlocutor’s conversational readings of the mathematical word and the world during their discussion—the conversational discourse. 
Informed by the second tenet, the interlocutors’ shared critical discursive practice of reading the world with mathematics is understood as establishing and maintaining discourses (shared[footnoteRef:9] meanings about mathematics and issues) through the interlocutors’ presentation and discussion of each other’s conversational readings. Since meanings are historically and culturally grounded (tenet 1), critical discursive practices where interlocutors read the world with mathematics are understood as being connected to other discursive practices in society. Elaborating this point, interlocutors are understood as (re-)establishing and maintain discourses (tenet 2) via their conversational readings whereby they carry meaning from one (critical) discursive practice to another. Similarly, the texts that are read as part of a critical discursive practice are understood as being a bridge between multiple critical discursive practices. The texts are understood as being mediators for how interlocutors’ readings invoke preexisting meanings and ways of reasoning about texts and issues from discourses in other critical practices. The texts are furthermore understood as conveying meaning themselves. [9:  ’Shared’ does not necessarily mean fully agreed upon by all interlocutors. Several discourses can be in play in a conversation.] 

Since interlocutors’ conversational readings of the world with mathematics are a form of critical sense-making, and critical discourse contributes to the establishment of socially organizing discourses (tenet 2 & 3), conversational readings of the world with mathematics are also understood as being socially organizing and transformative acts (tenet 4). Conversational readings of the world with mathematics are, in other words, understood not only as making sense of the world but also as writing it. They are meaning-makings that add to the establishment of discourses as a result of the way they that readings inescapably[footnoteRef:10] frame issues. As part of critical mathematical discussions, conversational readings of the world with mathematics are in the present framing, therefore, understood ‘dualistically’ as also being conversational writings of the world with mathematics. [10:  When one talks about the world one does so within a discourse and ones talk reflects this discourse.  What I suggest here is that irrespectively of whether one intends to convince another person of a particular way of seeing an issue, ones talk coveys meanings which can be influential to how the listener understand issues, and in this way readings of the world also write the world. ] 

Concerning the connection between the individual and social practice of reading the world with mathematics, the individual interlocutor’s cognitive readings of the world are understood as developing according to the outlined dialectics of Gutstein’s illustration of RWWM. Extending[footnoteRef:11] those dialectics to the critical discursive practice of deliberation, an interlocutor’s cognitive readings of the mathematical word and the world are understood both as drawing on the interlocutor’s interpretations of the mathematical word and world and on other interlocutors’ conversational readings and writings of the world with mathematics (the conversational discourse). In this way, the interlocutors’ cognitive- and social-discursive processes of reading dialectically intertwine, as one or several interlocutors’ conversational readings of the mathematical word/world become informative to another interlocutor’s cognitive and conversational readings and writings of the world with mathematics. [11:  Since Gutstein (2016) does hint at people’s reading and writing of the world being tied to social practice, Gutstein’s illustration of the dialectics of reading and writing could, as I have done here, be interpreted as relating to an inter-personal relationship. Gutstein (2016) does however not elaborate that dimension in relation to his illustration.] 

Figure 2 ‘The critical deliberation model’ Illustrates a moment of interlocutors A, B, and C’s critical discursive practice of reading and writing the world with mathematics. The illustration depicts the moment where interlocutor ‘A’ makes a reading of the world with mathematics in a critical discursive practice shared with interlocutor’s ‘B’ and ‘C.’
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The critical deliberation model 
)Note. A’s reading and writing the world in a critical discursive practice with persons B and C. A’s cognitive reading (outer bubble), and A’s conversational reading/ writing of the world with mathematics (inner bubble) are both informed by parts of A’s personal discourse, the textual discourse, and the conversational discourse. The conversational discourse consists of all the past conversational readings and writings of the interlocutors (dotted lines) [image: Diagram
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The critical deliberation model characterizes the dialectical relationships of A’s cognitive and conversational processes of reading the world with mathematics in a critical discursive practice with others as a dialectical movement between three discourses. In A’s cognitive and conversational processes of reading, A makes sense of the mathematical word and world based on back-and-forth sense-making of the text itself (the textual discourse), what others have said about the text and issue (conversational discourse), and what A knows and believes about the mathematical text and issue (personal discourse). Like in the account of Gutstein’s illustration of the dialectics of RWWM, each ‘movement’ between the three discourses equates to an arrow in Figure 2 and describes an interlocutor’s contrasting and synthesis of mathematical and social meanings from either of the three discourses. Illustrating this point, as part of A’s cognitive or conversational reading of the world with mathematics, ‘A’ can contrast what other interlocutors have said about mathematics or an issue (the conversational discourse) with what they know or believe (Conversational discourse  Personal discourse) or with mathematical or social meanings conveyed by the text (Conversational discourse  Textual discourse). An interlocutors’ cognitive and conversational processes of reading the world with mathematics can correspond to one or many such movements. 
Importantly, although the critical deliberation model depicts A’s cognitive and conversational process of reading/writing the world with mathematics as ‘overlapping’ and as being determined by the same dialectics between the three discourses, the model does not suggest that A’s cognitive and conversational readings are identical. What people say is connected to what they think, but the two need not overlap, i.e., people can say one thing and mean (think) another or simply leave out aspects of their thought process.[footnoteRef:12] [12:  An interlocutor playing the role as ‘devil's advocate’ in a discussion is one possible example of this.] 

The following section introduces the article’s analytical basis and the choices that have been made in the operationalization of the analytical framework.

Method
Research context and research subjects
The present study’s analytical basis is a video recording and transcript of a 40 min long classroom conversation between eight student teachers (henceforth ‘students’) and a lecturer in a masters’ seminar in a Norwegian teacher training program. In this conversation, the students explored and discussed a PowerPoint slide presenting model-prognoses of the historical and predicted change in global average temperature (Figure 3)  taken from a report by the Intergovernmental Panel on Climate Change (IPCC 2013, 2013). The students were seated in a classical classroom arrangement in rows of desks facing the lecturer who was standing next to the PowerPoint slide. The conversation took place without the students receiving any pre-introduction to climate science or discussions of climate change and was part of an introduction to critical pedagogy in mathematics education. The lecturer had two critical pedagogical aims for the conversation. One, to introduce the students to mathematical models that inform decision-making related to socio-political issues. Two, that the students would gain first-hand experiences of what critically reflecting with and about mathematics could mean in a mathematics educational context. Specifically, it was an aim that the students would gain experience in reflecting critically about how models informing decision-making processes are formatting (Skovsmose, 1992) to the way issues are understood and managed. The lecturer sought to facilitate her aims by asking open questions, giving students room to speak, avoiding corrections, and paraphrasing students’ utterances. The conversation between the students and the lecturer was ’low stakes,’ meaning that the students knew in advance of the conversation that their participation (or lack thereof) or any socio-political views they might express would not be influential to their course evaluation. 

[bookmark: _Ref63329724]Figure 3 
ICCP Time series of global annual mean surface air temperature anomalies (relative to 1986-2005) from CIMP5 concentration-driven experiments
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[bookmark: _Ref55389654]Note. The IPCC plot presents the historical and modeled development of the global average temperature as a function of different greenhouse gas emission rates (RCP:  representative concentration pathways). This development of the global average temperature is plotted relative to 2005’s global average temperate (0 on the y-axis). Each emission scenario (the colored shading) marks the 90% confidence interval of the temperature prediction for a given emission rate (RCP-value). The colored numbers denote the number of models for each emission rate in a given segment of the prognoses, and the solid colored lines indicate the mean prediction for each RCP-value. From IPCC 2013. (2013). Climate Change 2013: The Physical Science Basis: Working Group I Contribution to the Fifth Assessment Report of the Intergovernmental Panel on Climate Change (T. F. Stocker, D. Qin, G.-K. Plattner, M. Tignor, S. K. Allen, J. Boschung, … P. M. Midgley, Eds.). Cambridge University Press.

Identifying conversational readings and writings and their dialectics based on the three discourses
Informed by the analytical framing, the following analysis tends to how the students’ utterances (talk-turns) make sense of the IPCC prognoses (the mathematical text) and global climate change (a socio-political issue) informed by their personal and shared meaning makings. The analysis tends to four aspects of the students’ discussion:
· How/whether talk-turns convey readings of the mathematical word and/or world.
· How/whether readings include direct or indirect references to the textual-, conversational-, and personal discourse.
· How conversational readings of the world (with mathematics) can be understood as writing the world.
· How/whether a dialectics can be observed in/between the interlocutor’s conversational readings and writings. 
Due to the close relationship between the four aspects, the analysis has in practice tended to the perspectives in parallel and overlapping process rather than in sequence. The analysis of the four aspects has been preceded by a common-sense analysis of what meaning and function each utterance of the students’ and lecturer’s conversation play. That is, by reflections about the multiple possible meanings of each talk-turn; by investigations of whether and how each utterance relates to mathematics or issues of climate change; and by considerations about how each utterance contributes to and thematically shapes the conversation about the prognoses and climate change. The common-sense analysis and the analysis of the students’ critical discursive practice of reading and writing the world with mathematics are based on numerous rounds of viewing, reading, and informally coding the video-recording and transcript of the classroom conversation. This work has taken place in the qualitative data-analysis program MAXQDA where the video-recording and transcript were synchronized. 
The analysis of what/whether utterance in the conversation include readings has related to an interpretation of whether the talk-turn refers to or makes sense of:
· Numbers, mathematical terms, or concepts—a reading of the mathematical word. 
· Socio-political aspects of a phenomenon— a reading of the world.
· Mathematics or numbers in connection to a socio-political aspect of a phenomenon—a reading of the world with mathematics.
· Neither socio-political aspects, numbers, or mathematical aspects—not a reading of the word or world.
In the analysis, readings have been associated with the textual discourse when the prognosis or of parts of the prognoses are explicitly mentioned as part of the reading. Additionally, when sufficient contextual evidence has been present, indirect references to information, interpretations, notions, or ways of reasoning apparent within the mathematical text have also been associated with the textual discourse. Conversational readings have been associated with the conversational discourse when information, interpretations, or ways of reasoning it communicates explicitly refer to or are resonant with previous conversational readings. Finally, when a reading introduces new information, meanings, or ways of reasoning about mathematics or socio-political aspects, it has been associated with the personal discourse.[footnoteRef:13] Utterances can, as will be shown, concurrently relate to all three discourses.  [13:  Restating the conceptual frameworks assumptions, this does not mean that statements in a talk-turn are associated with the interlocutor’s personal values or beliefs, merely that their utterance has introduces new perspective or information which cannot meaningfully be ascribed to texts presentation or what others have already said.in the conversation.] 

The process of identifying how/when the interlocutors are reading the three discourses has been supported by interpretations of the students’ and lecturer’s use of pronouns. For instance, when an interlocutor uses ‘I,’ it suggests that they are conveying a personal perspective and are drawing on the personal discourse. When they refer to ‘it’ (the prognosis), this is a sign that they are drawing on the textual discourse, and when they talk about ‘us,’ ‘we’ or ‘them,’ it might be a sign that they are reading from a socio-political perspective, a reading of the world. The analysis has also relied on the synchronized video and transcript to investigate the students’ body-orientation while they read/write. When an interlocutor’s body- and facial orientation was visible in the video, that information was used to support the interpretation of whom the speaker was addressing with their speech and possibly whose readings they were drawing on.  
Recapitulating the dual nature of readings/writings of the world with mathematics, addressed in the conceptual framing, conversational readings are understood as a social action, a writing, via the ways they add to the establishment of certain understandings of issues, social identities, and social relations. That is, they contribute to the establishment of discourses. The analysis investigates conversational writings of the world adds to the establishment of discourses by abstracting how each interlocutor’s critical-mathematical sense-making can be understood as framing particular ways of understanding an issue and its management.[footnoteRef:14] [14:  Entman (1993) identifies peoples diagnoses, evaluations and prescriptions as some of the central mechanisms of how their speech frames issues. The present analysis identification of writings of the world is informed by that observation but otherwise doesn’t build on Entman’s theoretical development. ] 

To make sense of the dialectics of the students’ critical discursive practice—how and why their readings and conversation develops as they do— the analysis explores how each of the three discourses shaped the reading and writings of individual talk-turns and whether they play characteristic roles across the analyzed talk-turns.


Analysis of the students’ critical discursive practice
We enter the classroom conversation when the lecturer’s question guides the students’ dialogue from a focus on the mathematical meanings and modeling process behind the ICCP prognoses to a focus on the social significance of climate prognoses in general.

149 THE LECTURER:	So, what is the significance of graphs like this for society?
150 JAN:	[Facing the lecturer] Well, this one indicates that in three hundred years, the temperature may have risen by as much as seven degrees if we continue along the red one. And I think I’ve seen documentaries in which they believe that if the temperature rises by more than five degrees, we then go... Or, the earth goes on, but those living on it don’t. So, hopefully, this is not the scenario we are aiming for. So, it’s an estimate of how the future will be in terms of whether we will survive and whether we’ll manage and be capable of survival, and we’ll have a population of eleven billion people on earth. Then it’s better if the planet is not six degrees hotter. Then it’s better to go for the blue alternative. That’s the goal we should aim for.  
151 THE LECTURER:	But is that what we are doing?    
152 JAN:	Probably not!
Jan’s visual estimate that the temperature might rise “by as much as seven degrees” is a mathematical sense-making based on the red prognosis’s graphical representation. This sense-making introduces a new mathematical interpretation to the conversation. Therefore, his statement is a reading of the mathematical word based on the textual discourse and his personal discourse (his focus and approach to interpreting the prognoses). Jan associates his reading of the temperature increase with what will happen “if we continue along the red on.” Since Jan relates his mathematical reading to the effects of human emission, his first statement is a reading of the world with mathematics. 
Jan’s recollection of documentaries informing that life will end if the temperature increases by five-degree communicates a science-factual claim[footnoteRef:15] about the social consequences of temperature increase. Therefore, his recollection is a reading of the world, which draws on his personal discourse (‘what Jan recollects’). Since the science factual claim is quantitative in the sense that it relates to a mathematical measure, Jan’s reading can be seen as a reading of the world with mathematics. [15:  It is likely that Jan is mistakenly recollecting five-degrees instead of two-degrees which is the temperature cap suggested by the Paris-agreement (UN, n.d.). ] 

When Jan expresses that “hopefully, this [the red scenario] is not the one we are aiming for,” Jan is communicating that the red scenario is undesirable from a societal perspective. That statement can be seen as a logical conclusion to his two preceding readings: that documentaries inform that temperature increases above five-degrees are unsustainable and that the red scenario rises by up to seven-degrees. Since Jan’s evaluation of a negative social consequence is based on a reading of the red scenario, it is a reading of the world with mathematics. This reading draws on the textual discourse (the red prognosis) and his personal discourse (his recollection of science factual information from documentaries). 
Jan’s description of the prognoses as “(…) an estimate of how the future will be in terms of whether we will survive and whether we’ll manage and be capable of survival”— seems to abstract the reasoning of his two preceding readings. This description makes sense of the prognoses as a tool for evaluating the future sustainability for (human) life related to predicted emission rates, i.e., whether a prediction stays below the unsustainable five-degree threshold that Jan recollects from documentaries. Since Jan makes sense of a mathematical application’s socio-political function, he is reading the world with mathematics. This reading draws on his personal discourse (Jan’s recollection of scientific information) and the textual discourse (Jan’s reading of the red prognosis). Since Jan’s description furthermore answers the lecturer’s question about how the prognoses can be seen as being “significant to society” [149], his reading can be understood as being informed by the conversational discourse (the lecturer’s question).
Jan’s recommendation that “… it’s better to go for the blue alternative” than the red must, in light of his previous readings, be understood as a mathematics-based claim that the blue scenario stays below a five-degree increase. This recommendation can both be seen as a mathematical reading of the world— that the blue scenario is the better projection for society— and as a call to action—that we should work towards realizing the blue scenario. Since the call to action draws on Jan’s mathematical reading, it is a writing of the world with mathematics.
Jan’s suggestion [152] that our current emissions rate is “probably not” sustainable expresses a belief related to the socio-political domain. These words could be interpreted as a general statement communicating that current emissions are unlikely to be sustainable. They could also be interpreted as a more specific statement: that the blue scenario is unlikely to accurately describe human emissions and temperature developments.  Since “probably not” follows Jan’s call to action, his words about the blue scenario could be understood as communicating that the blue scenario is too optimistic. Interpreted as a general statement, Jan’s words make a social evaluation without reference to mathematics. From that perspective, Jan is reading the world without mathematics. Interpreted as a specific statement related to the blue scenario, Jan is concurrently evaluating the mathematical text and making a statement about society’s future outlook. In that sense, he is reading the world with mathematics. Both interpretations of Jan’s reading can be understood as adding argumentative weight to his previous writing, that it is necessary to reduce human climate-gas emissions to a sustainable rate. 
The analysis of Jan’s utterance has shown how Jan’s responses, [150] and [152], to the lecturer’s questions, [149] and [151], could be understood as a sequence of six connected readings of the world, the last two of which also convey a writing. These readings and writings have all been found to relate to one or more of the three discourses.
Dialectics of the three discourses in Jan’s talk-turn
Jan’s sequence of readings and writings form a series of dialectical relationships where each reading/writing of the mathematical word and world informs a later reading/writing. Elaborating these dialectical relationships, the following table summarizes Jan’s sequence of readings and writings and their mutual relationship.



Table 1 
Summary table of the dialectics of Jan’s readings and writings of the world with mathematics 
	[150]
	Informed by
	Reading/Writing
	Discourses involved

	1
	N/A
	Reading of the mathematical word: Red scenario increases by seven degrees 
	textual personal

	2
	N/A
	Reading of the world with mathematics: A five-degree increase is unsustainable 
	personal

	3
	1, 2
	Reading of the world with mathematics: The red scenario is unsustainable and undesirable 
	textual personal

	4
	[149],1,2,3
	Reading of the world with mathematics: The plot’s social significance is that it predicts the sustainability of different climate-gas emissions 
	textual personal

	5
	2
	Reading/writing of the world with mathematics: The blue scenario is sustainable and should be pursued 
	textual personal

	[152]
	[150,3], [150,5]
	Reading/writing of the world with mathematics: Our current emission rate is not sustainable; we must act.
	personal


Note. The summary table outlines the readings/writings composing talk-turn [150] and [152]. Numbers in the second column show which of the previous readings of the talk-turn inform the reading. The format of bracketed numbers is [‘#talk-turn in transcript’, ‘#reading/writing
Looking at the summary table, one can see that the textual discourse played a central argumentative role in Jan’s utterance since all but the last of his readings and writings draw on the discourse. Additionally, Jan’s second reading (2), which built on his personal discourse, also played an essential argumentative/dialectic role in his later readings and writings. It did so by argumentatively enabling his later assessments (3-5) & [152] of which scenarios were sustainable and worth pursuing. Jan’s fourth reading suggests that Jan’s conversational readings and writings were in part motivated by an intention to answer the lecturer’s question [149]. In this way, the conversational discourse (the lecturers’ question) can be seen as central both to ‘how’ and ‘that’ Jan read and wrote the world with mathematics at a conversational level.
Arne follows up on Jan’s response to the lecturer’s question.
153 THE LECTURER:	Yes?
154 ARNE:	[Facing the lecturer] But if you look at the graph from before until now. Then, based on my mathematical skills, it is most likely that you end up with one of the two graphs at the bottom. There is little that... If you set aside the research that has been done, if you only look at the graphs, then there is little that suggests that it will suddenly go through the roof, as the red one does.
Arne’s opening word, “But,” suggests that his following words object to what has been said by the previous speaker—Jan.  Understood as an objection to Jan’s words, Arne’s utterance is informed by the conversational discourse.
When Arne’ states that “the graph from before until now” suggests that “the two graphs at the bottom” are the most likely ones, he seems to be communicating that the blue and purple graphs are the most likely scenarios since they follow the visual trend of the historical data best. Understood as a personal evaluation of the prognoses (“based on my mathematical skills”), this statement is a reading of the mathematical word of the textual discourse (the prognoses) informed by Arne’s personal discourse (his interpretation of mathematical trend). 
When Arne suggests that: “there is little that suggests that it will suddenly go through the roof, as the red one does,” he seems to be making the visual evaluation that the red prognosis is unlikely since it increases too abruptly to fit the historical data’s visual trend. Like Arne’s previous statement, this is a personal evaluation of a prognosis, a reading of the mathematical word based on the textual- and personal discourse. 
Viewed in isolation, without Jan’s readings as a background, neither of Arne’s statement read the world.  However, being part of a conversation, several things suggest that his statement should be interpreted as relating to socio-political aspects of global average temperature change. For one, the students’ conversation is currently focused on the lecture’s question about the prognoses’ social significance. Secondly, Arne explicitly objects to Jan’s claim that the red scenario is likely, but not to the criteria Jan recollects: that a temperature increase above five-degrees is unviable for life. When Arne’s statements are understood as implicitly acknowledging Jan’s criteria, his claim that the blue or purple scenarios are likely, implicitly suggests that current emission rates are sustainable. Arne’s statements in this way make sense of socio-political aspects of climate change based on the prognoses. They are, therefore, readings of the world with mathematics. 
Arne’s readings undermine Jan’s rationale [150,152] for why it is necessary to reduce climate gas emissions. In this sense, they can indirectly be understood as a writing of the world with mathematics. They indirectly imply to the listener that reducing climate gas emissions, contrary to Jan’s suggestion [150, 152], is unnecessary.
Dialectics of the three discourses in Arne’s talk-turn
Arne’s sequence of reading and writing can be summarized as follows:

Table 2 
Summary table of Arne’s dialectics of reading and writing the world with mathematics
	[154]
	Informed by
	Reading/Writing
	Discourses involved

	1
	[150, 2], [152]
	Reading of the world with mathematics: The blue (sustainable) scenario is most likely
	textual, personal, conversational

	2
	[150,2], [152]
	Reading of the world with mathematics: Red (unsustainable) scenario is unlikely
	textual, personal, conversational

	3
	1,2
	Writing of the world with mathematics: there is no reason to work for a reduction of emissions
	textual conversational



Note. The summary table outlines the readings/writings composing talk-turn [154]. Numbers in the second column show which of the previous readings of the talk turn inform the reading. The format of bracketed numbers is [‘#talk-turn in transcript’, ‘#reading/writing in summary table’]
The analysis of Arne’s utterance shows that he too can be understood as drawing on all three discourses as he reads and writes the world with mathematics. Related to a social dialectic of readings and writings, Arne’s sequence of readings/writings provides an example of how one interlocutor’s readings in the conversational discourse can inform another interlocutor’s conversational reading and writing. As outlined in Arne’s summary table above, Arne’s first and second reading of the world with mathematics both seem to draw on, and object to, Jan’s readings. In this way, the conversational discourse (Jan’s readings) seems to have been central to the dialectics of Arne’s readings and writings. The discourse appears to have influenced that Arne contributed conversational readings/writing in the critical discursive practice. It also appears to have influenced his focus and approach to reading the mathematical word of the textual discourse: that Arne used his mathematical reasoning to assess which prognoses and outlooks to the future were “most likely.” Arne’s personal discourse (his understanding of projections and trends of datasets) concurrently seems to have informed how he read the textual discourse and his expression of disagreement with Jan’s reading.
Skipping a short sequence where’ Christian [155-157] critiques Arne’s reading for overlooking the historical increase of climate gas emission rates, we reenter the dialogue as the lecturer asks the students a new question. While the lecturer is still formulating the question, Lisa raises her hand.

158 THE LECTURER:	But do you know anything about the debate on this? Because we’ve heard about the bleak prospects if we continue doing what we’re doing. Yes?   
159 LISA:	No, I was just thinking that if you are going to use this [the plot of the prognoses] as part of your argumentation, you need to be a little more in [Lisa turns her head back towards the corner where Jan, Arne, and Christian are seated] ... All of this ‘if,’ ‘whether,’ ‘that,’ [Lisa turns her head back towards her laptop where she can see the prognoses] ‘maybe it’s like that’... I mean, it’s a complex presentation here that I personally can’t argue against. [Lisa looks up at the lecturer] Because I don’t know what it’s based on, and I’m not an expert on the topic. So, I’m thinking that this must be a model for a special group of people.
160 THE LECTURER:	Yes.[footnoteRef:16]  [16:  The Lecturer seems to be using the word ‘yes’ throughout the conversation to acknowledge the speaker rather than to verify the ‘correctness’ of the students’ readings.] 

161 LISA:	Who work with and have a little more understanding of this theme than I do.
With the opening words: “No, I was just thinking that (…),” Lisa communicates that what she is about to say is not a response to the lecturer’s question. Instead, Lisa’s raise of hand before the lecturer has completed her question and her change of body orientation towards where Jan, Arne, and Christian are seated suggests that she is about to address one or more of the students that have just spoken. Her ensuring words: “if you are going to use this [the prognoses] as part of your argumentation, you need to be a little more in… all of this ‘if,’ ‘whether,’ ‘that,’ ‘maybe it’s like that,” suggests that Lisa is critiquing the previous statements for making too many uncertain assumptions related to the prognoses. Since Lisa’s critique concern the argumentative use of a mathematical text in a discussion of socio-political issues, her statement can be interpreted as a reading of the world with mathematics. Since it relates to the other students’ utterances, this reading is based on the conversational discourse. Since Lisa’s reading expresses a personal assessment of the other’s readings, her reading is also drawing on her personal discourse.
When Lisa states that she is unable to “argue against” the “complex presentation” since she is neither familiar with what the prognoses are “based on” nor “an expert” on “the topic” of climate change, she appears to be making the self-assessment that she is insufficiently qualified to interpret and make arguments based on the prognoses. Her statement “that this must be a model for a special group of people” similarly appears to suggest that interpretations and argumentation should be left to the “experts” who, unlike herself, are knowledgeable about the prognoses’ assumptions and the topic of climate change. Since Lisa’s assessments evaluate her own and experts’ social practices of making arguments based on the prognosis, her assessments can both be characterized as readings of the world with mathematics. Since the readings relate to the prognoses, they are drawing on the textual discourse. Since the readings also communicate Lisa’s norms for what and when she finds mathematics-based argumentation trustworthy, the two readings also draw on her personal discourse. 
Lisa’s critique of the others’ readings, her self-assessment, and her assessment that the prognoses are meant “for a special group of people” together imply that interpretations and argumentation based on the prognoses should be left to experts and not laypersons like the students. That statement can be understood as a proposal of socio-political norms or as a discourse that diagnoses who are capable and authorized to read and write based on the prognosis. In this sense, Lisa’s readings of the world with mathematics also write the world.


Dialectics of the three discourses in Lisa’s talk-turn
Lisa’s sequence of reading and writing can be summarized as follows:
Table 3 
Summary table of Lisa’s dialectics of reading and writing the world with mathematics
	[159]
	Informed by
	Reading/Writing
	Discourses involved

	1
	[150-157]
	Reading of the world with mathematics: The previous readings of the world with mathematics rely on too many uncertain assumptions.
	personal, conversational

	2
	N/A
	Reading of the world with mathematics: I am unqualified to interpret and argue based on the prognoses since this requires expert knowledge.
	textual, personal, conversational

	3
	2
	Reading of the world with mathematics: Experts are qualified to read/write the world based on the prognosis.
	textual, personal,

	4
	1,2,3
	Writing of the world with mathematics: readings and writings of the world based on the prognoses should be left to experts.
	textual, personal, conversational



Note. The summary table outlines the readings/writings composing talk-turns [159] and [161] as one sequence. Numbers in the second column show which of the previous readings of the talk turn inform the reading. The format of bracketed numbers is [‘#talk-turn in transcript’, ‘#reading/writing in summary]
The analysis of Lisa’s utterance revealed that Lisa’s utterance, like Jan and Arne’s, can be understood as a sequence of readings and writing of the world with mathematics, which draws on the three discourses. Like Jan and Arne’s sequences, Lisa’s sequence represents a dialectic where each reading of the world with mathematics informs a later reading/writing of the world with mathematics. Reading 1 in Lisa’s summary table provides a first empirical example of how an interlocutor’s dialectic of reading and writing can be informed by several other interlocutors’ conversational readings and writings. Differing from the dialectics of Jan and Arne’s critical mathematical discourse, Lisa’s conversational readings and writing do not elaborate on particular mathematical readings of the prognoses. They also don’t express a position on which scenario and outlook to the future are most likely, nor whether there is a need to take action on climate gas emissions. Lisa’s reading of the textual discourse’s complexity (2) and the conversational discourse’s limitations (1) instead informed Lisa to call on experts to evaluate and make decisions (4). In this way, Lisa’s statement provides a striking real-world example of how advanced applications of mathematics can lead to interlocutors dismissing their capability and right to read and write the world with mathematics— the democratic challenge suggested by Skovsmose (1992) (see Background). The discussion section provides further reflections about the significance of Lisa’s writing.
The dialectics of the students’ conversation
Looking at the conversation as a whole, all of the framework’s three discourses appear to have played an essential role in the conversation’s dialectics and also in how the students’ conversational readings and writings addressed climate change issues.  
The textual discourse served both as a theme of conversation and a medium that enabled specific ways of talking about climate change issues. As a medium for the student’s conversation, the prognosis provided a frame for discussing what scenarios and future outlooks are likely (Jan, Arne). The textual discourse also provided a conversational basis for the students’ discussion of what actions are needed since each scenarios’ predictions were associated with either having a sustainable or an unsustainable outlook to the future (Jan, Arne, Lisa). 
The students’ personal discourse also played a central role in shaping their shared conversation as each student’s readings introduced new perspectives to mathematics and climate change.  The personal discourse was thus found to be associated with different focuses to readings of the mathematical word of the prognoses: That Jan evaluated the maximum of the predictions; That Arne evaluated the graphs’ trend; and that Lisa speculated about the assumptions behind the prognoses. The personal discourse was also associated with different ways of readings the world with mathematics, to socio-political evaluations of: ‘how’ (Jan), ‘whether’ (Arne), and ‘who’ (Lisa) should act as a consequence of the prediction of the prognoses.
The conversational discourse was found to play a central role as the students used each other’s readings as a recourse and motivation for contributing new and alternative readings and writings. Arne and Lisa’s readings and writings thus drew on and were motivated by Jan’s readings of the prognoses being a socio-political tool for evaluating and making decisions about emission rates.  Arne, however, reached a different socio-political conclusion from reading the prognoses than Jan, while Lisa wanted experts to draw conclusions based on the prognoses.
The socio-political discourse established by the students’ critical discursive practice
In the students’ critical discursive practice, the interplay between the individual and’ social dialectics shaped a conversation about two connected themes 
1. What or whether anything needs to be done about current climate gas emissions. 
2. Who should be allowed to interpret and make decisions about climate change informed by climate prognosis?
Abstracting the conversational focus and nature of reasoning related to these themes, the students’ readings and writings seem to have established a concurrent socio-political and mathematical discursive framing of climate change issues—a critical mathematical climate change discourse. In this discursive framing, the socially accepted bases for arguments about the reality and management of climate change are climate prognoses and climate science. 
Related to the conversation’s second theme, Lisa’s reading and writing suggest a discursive framing where one can either be an ‘expert,’ a qualified and competent interpreter of climate prognoses, or a ‘regular person’ who does not have this expertise. In this framing, the expert’s social identity and responsibilities are to identify issues and solutions to climate change informed by interpretations of climate prognoses. The regular person’s social identity and responsibilities are to facilitate the experts’ suggested solutions. Interpreted as a regulation and distribution of social identities and responsibilities, Lisa’s framing can be seen as promoting a technocratic approach to the management of climate change issues[footnoteRef:17]. In this sense, Lisa’s call to experts and the other students’ later approval of her call[footnoteRef:18] can be seen as discursive expressions of socio-political disempowerment; a discursive manifestation of the democratic challenge of advanced mathematical applications suggested by Skovsmose (see p. 4) [17:  She later elaborates this distribution of roles. Lisa [186]: “(…) Maybe they [experts] could translate it for us in a way that makes us want to implement (…)”]  [18:  Jan [170]: “(…) based on this model in particular, there are actually few conclusions we can make.” Christian [185]: “But it’s first and foremost politicians who can do the most with such a model.” ] 

Discussion
This section falls into two main parts. The first part surmises the developed framework and findings and discusses the framework and analytical approaches generality. The second part discusses the establishment and generality of the students’ critical mathematical discourse and their expression of disempowerment and concludes with suggestions for further research.
The developed framework has conceptualized how people’s critical mathematical discourse in critical discursive practices can be understood concurrently as conversational readings of the world with mathematics— critical mathematics-based sense-makings—and as writings of the world with mathematics—socio-politically framing speech. Conversational readings and writings of the world with mathematics were conceptualized as relating to three discourses: a personal discourse, a textual discourse, and a conversational discourse. According to the framework, the interlocutors’ readings and writings develop through two interconnected dialectics, a personal- and social-conversational dialectic. The personal dialectic of the framework is synonymous with the dialectics of readings and writings of the world (with mathematics) as characterized by Freire (2005) and Gutstein (2006, 2016). In the developed framing, this dialectic was related to how each interlocutor’s readings/writings of the three discourses support and enable the interlocutor’s next readings/writings of the world with mathematics. The social conversational dialectic described in the framework represented a new addition to the theory of ‘readings and writings.’ This dialectic characterized how conversations and the discourses they establish unfold as interlocutors draw on, relate to, and build each other’s readings and writings of the mathematical word and the world.  
The analysis of the students critical discursive practice has shown the relevance and usefulness of all of the developed frameworks central features: that the students’ conversation informed by the prognosis, a critical discursive practice, can meaningfully be described as conversational readings and writings based on the three discourses; that the individual students’ conversational readings and writings could be seen as ‘products’ formed in a personal dialectic; and finally that the social dialectic could be understood as a mechanism that produced the critical mathematical discursive framing in the students’ conversation. Besides offering support to the framework’s central features, the analysis also provides insights on how people in practice read and write the world with mathematics in critical discursive practice. The analysis found that when interlocutors speak, they can communicate more than one reading or writing in a talk-turn. In the analyzed conversation, all students were found to express sequences of inter-connected readings and writings of the world with mathematics. All three discourses were furthermore in play in all of the students reading and writing sequences. Each of the three discourses also played an important role at some point in the social dialectics of the students’ critical discursive practice. Showing the potential complexity of the social dialectics, Lisa’s statement showed that conversational readings and writings could build on the readings and writings of not only one but several other interlocutor’s readings and writings.
Although the analytical framing has only been applied in a single empirical analysis, the principles of the analysis and the framework’s assumptions are so ‘flexible’ that the framing and analytical approach can be applied to a broad range of critical and non-critical discursive practices. This means that even when only some of the frameworks three discourses and dialectics are in play, the framing and analytical approach can still be used to explore discursive practices, even non-critical variants.
A conversation where people do not read the world (with mathematics) is not a critical discursive practice. Using the analytical approach to investigate such a practice, one would find that the conversation’s utterances do not read and write the world, thereby revealing that the practice is not a critical discursive practice. The analytical approach would similarly work if the critical discursive practice is to a small extent or not at all informed by shared (mathematical) text(s). For instance, one could imagine a socio-political discussion in which only one interlocutor brings up the predictions of a mathematical prognosis as part of their reading of the world. In that situation, the analytical approach could identify that only that interlocutor’s readings of the world drew on a mathematical text. The analytical framing and approach are also not dependent on the three discourses being in play in all utterances of the conversation. Concerning the dialectics described in the framework, if interlocutors in a critical discursive practice do not relate to each other's readings, the analytical approach could be used to show that there is no social dialectics of conversational reading and writing in the critical discursive practice. In practice, this would mean that the interlocutors’ critical readings were thematically and argumentatively unrelated and consequently that their ‘conversation’ was just a series of parallel critical monologues. For these reasons, I suggest that the critical discursive framework and analytical approach could be applied to analyze discursive practices, irrespectively of whether mathematical texts inform these or not.
A discussion of the critical mathematical discourse established by the students’ conversation
The critical mathematical discourse established by the students’ conversation has apparent similarities to what Capstick (2012) has categorized as a “physical discourse of climate change” in an overview study of the dominant climate change discourses in use by the UK public. Similar to how the students talked about climate change issues based on the prognosis, a central feature of the physical discourse is that climate change is talked about as a scientific concern where “﻿the future consequences and implications of climate change, are knowable through the techniques and expertise of science.” (p.110) A possible consequence of this discourse is, according to Capstick, that the truths, realities, and facts of climate change are “seen as being determined by an external and exclusive expert domain” which “separates climate change from the concerns of individuals themselves” and positions the issue outside “the abilities and knowledge of ordinary people.” (p.119) Capstick’s description of the possible consequence of the physical discourse fits perfectly with the discursive framing found in Lisa’s reading of who should be allowed to deliberate climate change issues. The critical mathematical discourse established by the students’ conversation in these ways seems to be a reproduction of an existing dominant public discourse. That the students’ conversation establishes such a discourse is interesting and surprising from a democratic and educational perspective since their conversation in several ways aligns with commonly praised ideals of educational and public discussions: it is thorough, orderly, respectful, and a scientifically informed discussion. Why then, when then do the students still end up reproducing a discourse that reduces their political power to inform decisions on socio-political issues like climate change? This question has many possible answers. I tend to this question here by discussing how the personal- and textual discourse might have conditioned the critical mathematical discourse by establishing the two themes of their conversation and the students’ characteristic ways of reasoning about them.
How the personal- and textual discourse conditioned the critical-mathematical climate change discourse
Jan and Lisa’s personal discourse (their unique information, perspectives, and evaluations) via their readings and writings became framing to the conversational themes and to the ways these themes were reasoned about. Jan’s reading thus introduced the prognoses as a socio-political tool for suggesting what needs to be done related to an increasing average temperature, and that reading simultaneously became defining to how the other students read the prognoses. Lisa’s reading similarly introduced the issue of who is qualified to make readings based on the prognosis, while her writing suggested the norm that only experts should do so. Their readings and writings in these ways diagnosed ‘that’ and ‘how’ the prognosis could be used both by the students and by experts outside of their practice to deliberate climate change issues. Jan and Lisa’s ways of making sense of climate change and their conveyance of norms, can in these ways, have been understood as being conditioning to how the students talked about climate change as a socio-political and mathematical phenomenon (the critical-mathematical discourse). Surmising these observations, the students’ personal discourse appeared to play a central role in their conversational establishment of a critical mathematical discourse of climate change where experts have authority and laypersons do not.  
Jan and Lisa’s utterances show how readings and writings of the world with mathematics not only build on readings of the mathematical word; they can also condition how others interpret the mathematical word in their readings/writing. This observation is a previously undescribed aspect of writings of the world with mathematics. Adding to the metaphors of the developed framework, one could refer to this phenomenon as writings of the mathematical word—that people’s mathematical readings/writings are regulating to the mathematical discourse of their social-practice. That interlocutors in this way influence each other’s readings of mathematics and the world is an essential dynamic for educators to be conscious of when planning and facilitating critical discursive practices in mathematics education.[footnoteRef:19]  [19:  As was described in the background chapter avoiding the socio-political dimensions of how mathematics is used in the teaching and learning of mathematics is problematic. See (Barwell, 2013) for a detailed discussion.] 

The textual discourse's conditioning role to the students’ critical mathematical framing can be characterized via the discursive roles suggested by Skovsmose (2012, 2015) (see p. 3). Central to the first theme of conversation, Jan’s reading of the prognoses as a socio-political tool for climate change deliberations appears to align with Skovsmose’s characterization of models as a hypothetical way of reasoning about the future. Within the students’ critical mathematical discourse, the prognoses also appear to play discursive roles as sources of justification and legitimization to their readings and writings of the world. In this regard, mathematics’ discursive role as an authority was evident in all the students’ readings and writings. This role was particularly evident in Lisa’s writing, which called for experts as decision-makers about climate change issues because she found that they were the only ones who could reliably read the mathematical prognoses. Besides playing an authoritative role, the mathematical text also conveyed an ‘ambiguous message’[footnoteRef:20] to the students by ranking what, according to Jan’s reading, was unsustainable and sustainable scenarios alongside each other. Since mathematical reasoning had authority, and the students were unable to reach an agreement about what the correct and reliable mathematical argument was for what needed to be done, they consequently had to call on mathematical experts to make this judgment. [20:  Hauge and Barwell (2017) address what I here refer to as ‘ambiguousness’ in terms of different kinds of mathematical uncertainty of climate mathematics. ] 

In these ways, the ambiguousness of the textual discourse and the discursive roles it played can be said to have been conditioning to the students’ expression of disempowerment. The role that the mathematical text was found to play in the students’ critical discursive practice adds empirical credibility to Skovsmose’s ideas about mathematics as a discourse being important to the understanding of critical (discursive) practices. Extending Skovsmose’s work, the analysis and discussion show that the discursive roles of mathematics as a discourse also apply to and are of significance to laypeople’s critical discursive practices informed by mathematics. They also show how mathematics as a discourse can be explored empirically.
Returning to the question of why Lisa and the other students’ conversation resulted in a call to experts, the present discussion suggests that this was a result of both of the students’ preexisting socio-political and mathematical understandings and norms and the discursive roles of the mathematical texts they are discussing.
The possible generality of the students’ expression of disempowerment
I speculate that when social practices, like the students’ mathematics educational practices, are ‘mathematics centered’ and foreground mathematical texts and mathematical reasoning, interlocutors will predominantly talk about socio-political issues via critical mathematical discourses like the students did. Because mathematical texts are at the foreground of mathematics centered practices, these texts are also likely to play similar discursive roles as authority, justification, and legitimization as were found in the students’ practice. In such practices, it accordingly becomes challenging for interlocutors to move ‘outside’ or ‘beyond’ the shared mathematical texts as a basis for reading the world since this would break with the discursive norms for proper argumentation. A defining aspect of critical practices is that interlocutors examine each other’s and their own arguments related to (mathematical) texts of the practice. When the mathematical texts of a critical discursive practice, like the ICCP prognoses, are complex and ambiguous, interlocutors could likely find ‘faults’ with their own and each other’s text-based deliberations. For that reason, feelings of inadequacy and disempowerment seem likely to be a general phenomenon in mathematics centered practices informed by complex and ambiguous mathematical texts.
Future research
The present study’s development of a critical discursive framework and analytical approach was motivated by a desire to find ways to explore the democratic challenge of how lay citizens like the students can deliberate socio-political issues informed by advanced mathematics like the ICCP prognosis. The study has not produced directly applicable insights into the pedagogical challenge of how to pre-empt or manage the disempowerment manifested in the students’ discussion. However, it has uncovered that further research on the interplay between people’s personal discourse and the discursive roles that mathematical discourse plays in critical discursive practices could be a way to further explore the democratic challenge faced by advanced applications of mathematics. Comparative studies of multiple critical discursive practices informed by complex and ambiguous mathematics, ideally including ones where interlocutors do not express disempowerment, are, in my view, a meaningful step to take in that pursuit. I hope that the present framework and analytical approach will serve as a motivation and tool for further research in that vein.
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